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ON NON-KÄHLER DEGREES OF COMPLEX MANIFOLDS
DANIELE ANGELLA, ADRIANO TOMASSINI, AND MISHA VERBITSKY
Abstract. We study cohomological properties of complex manifolds. In particular, under suitable
metric conditions, we extend to higher dimensions a result by A. Teleman, which provides an upper
bound for the Bott-Chern cohomology in terms of Betti numbers for compact complex surfaces according
to the dichotomy b1 even or odd.
Introduction
Let X be a compact complex manifold. Consider the double complex
(∧•,•X, ∂, ∂). Besides de Rham
and Dolbeault cohomology, consider the Bott-Chern [BC65] and Aeppli [Aep65] cohomologies, defined
as:
H•,•BC(X) :=
ker ∂ ∩ ker ∂
im ∂∂
and H•,•A :=
ker ∂∂
im ∂ + im ∂
.
The Hodge theory developed by M. Schweitzer [Sch07] assures their finite-dimensionality as C-vector
spaces. The identity induces the natural maps
H•,•BC(X)
xx  &&
H•,•∂ (X)
&&
H•dR(X;C)

H•,•
∂
(X)
xx
H•,•A (X)
of (bi-)graded vector spaces. One says that X satisfies the ∂∂-Lemma if the natural map H•,•BC(X) →
H•dR(X;C) is injective. This turns out to be equivalent to all the above maps being isomorphisms,
[DGMS75, Lemma 5.15, 5.21, Remark 5.16]. Therefore, while compact Kähler manifolds satisfy the
∂∂-Lemma, for complex non-Kähler manifolds the above maps may be neither injective nor surjective.
A (non-canonical) comparison between Bott-Chern and Aeppli cohomologies and de Rham cohomology
is provided by the inequality à la Frölicher in [ATo13, Theorem A]. More precisely, for any k ∈ Z, we
have the non-negative degree
∆k := dimCH
k
BC(X) + dimCH
k
A(X)− 2 bk ∈ N ,
where HkBC(X) :=
⊕
p+q=kH
p,q
BC(X), (and same for Aeppli,) and bk := dimCH
k
dR(X;C) denotes the kth
Betti number. The validity of the ∂∂-Lemma is characterized by ∆k = 0 for any k ∈ Z, [ATo13, Theorem
B]. Such a result is extended to generalized-complex structures, here including symplectic structures, in
[ATo15, CS15]. An upper-bound of the dimensions of the Bott-Chern cohomology in terms of the Hodge
numbers is provided in [ATa17].
In this note, we study the cohomology of compact complex manifolds.
In general, the degrees ∆k measure the failure of ∂∂-Lemma, that is, non-cohomologically-Kählerness.
In fact, they measure non-Kählerness for compact complex surfaces. This is because of the topological
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characterization of Kählerness in terms of the parity of the first Betti number, [Kod64, Miy74, Siu83],
see also [Lam99, Corollaire 5.7], and [Buc99, Theorem 11].
In [Tel06], (see also [LT95],) A. Teleman proves that, for compact complex surfaces, ∆1 is always
zero and ∆2 ∈ {0, 2}; and, in [ADT16], the Bott-Chern and Aeppli cohomologies for compact complex
surfaces diffeomorphic to solvmanifolds and for class VII surfaces are computed, here including Inoue
and Kodaira surfaces, [ADT16, Theorem 4.1], and class VII surfaces, [ADT16, Theorem 2.2].
Theorem 0.1 ([Tel06, Lemma 2.3]). Let X be a compact complex surface. Then:
• b1 is even if and only if ∆1 = ∆2 = 0;
• b1 is odd if and only if ∆1 = 0 and ∆2 = 2.
We notice that this result provides an answer to a question by A. Fujiki, asking whether ∆2 may
change under deformations of the complex structure.
Corollary 0.2. For compact complex surfaces, ∆1 and ∆2 are topological invariants.
Note that this is no more true in higher-dimension: see the examples on the Iwasawa manifold in
[Ang13], and the examples on the Nakamura manifold in [AK12, AK17].
In higher dimension, we get a result concerning the first degree ∆1 under additional assumptions
concerning the existence of special Hermitian metrics.
Theorem 1.7. Let X be a compact complex manifold of complex dimension n endowed with a Hermitian
metric g. Suppose that its associated (1, 1)-form ω satisfies either the condition that dωn−2 ∈ im d dc,
or the condition that ωn−2 is the (n − 2, n − 2)-component of a d-exact (2n − 4)-form. (In particular,
such an ω is astheno-Kähler in the sense of Jost and Yau [JY93].) Then ∆1 = 0.
Note that the assumption is trivially satisfied for compact complex surfaces. On the other side, as in
[ATo11, EFV12], we show that 6-dimensional nilmanifolds endowed with left-invariant complex structures
never admit Hermitian metrics as above, see Proposition 1.4. Notwithstanding, there are examples of
6-dimensional manifolds with ∆1 = 0, see [AFR15, LUV14].
Acknowledgments. The authors are grateful to Ionut Chiose, Georges Dloussky, Akira Fujiki, and Andrei
Teleman for valuable comments, useful conversations, and for their interest in the subject. In particular,
Ionut Chiose pointed out to us some improvements and mistakes in a previous draft. Thanks also to the
anonymous Referees for their comments and suggestions.
1. Non-Kählerness 1st degree for higher-dimensional complex manifolds
Let X be a compact complex manifold of complex dimension n endowed with a Hermitian metric g.
Denote by ω its associated (1, 1)-form. Recall that
D : C∞(X;C)→ ∧2nX ⊗ C , D(f) := d dc f ∧ ωn−1
is an elliptic differential operator with index zero and 1-dimensional kernel, [Gau75].
Define the Hermitian degree
deg : H1,1BC(X)→
∧2nX ⊗ C
imD ' C , deg([α]) :=
α ∧ ωn−1
ωn
.
Lemma 1.1. Let X be a compact complex manifold of complex dimension n endowed with a Hermitian
metric g. Suppose that its associated (1, 1)-form ω satisfies the following condition:
(a): ωn−2 is the (n− 2, n− 2)-component of a d-closed (2n− 4)-form.
If [dα] ∈ H1,1BC(X) is such that deg([dα]) = 0, then [dα] = 0.
Proof. By the hypothesis: take f ∈ C∞(X;C) such that
dα ∧ ωn−1 = d dc f ∧ ωn−1 .
Set α′ := α − dc f . Note that [dα] = [dα′] in H1,1BC(X), and that dα′ is primitive. Hence use Weil
identity to write ∗dα′ = 1(n−2)!J dα′ ∧ ωn−2 = 1(n−2)! dα′ ∧ ωn−2.
Under the assumption (a), take β ∈ ∧2n−4 such that: (here pi∧n−2,n−2X denotes the natural projections
onto ∧n−2,n−2X)
ωn−2 = pi∧n−2,n−2Xβ with dβ = 0 .
2
We have:
‖dα′‖2 =
∫
X
dα′ ∧ ∗(dα′) = − 1
(n− 2)!
∫
X
dα′ ∧ d α¯′ ∧ ωn−2
= − 1
(n− 2)!
∫
X
dα′ ∧ d α¯′ ∧ pi∧n−2,n−2Xβ
= − 1
(n− 2)!
∫
X
dα′ ∧ d α¯′ ∧ β
=
1
(n− 2)!
∫
X
α′ ∧ d α¯′ ∧ dβ = 0 ,
thus giving dα′ = 0. 
Remark 1.2. Note that the condition (a) in Lemma 1.1 yields that d dc ωn−2 = 0. That is, ω is astheno-
Kähler in the sense of J. Jost and S.-T. Yau, [JY93]. Note that the condition is trivially satisfied in case
2n = 4. In a sense, condition (a) is the (n− 2)-degree counterpart of Hermitian-symplectic condition in
the sense of [ST10]. Note that a Hermitian metric satisfying dωn−2 = 0 is actually Kähler, [GH80].
Remark 1.3 (Ionut Chiose). Condition (a) is satisfied e.g. when
(b): dωn−2 ∈ im d dc.
Proof. Condition (b) assures that ∂ωn−2 = ∂∂η where η ∈ ∧n−2,n−3X. Then β := ∂η + ωn−2 + ∂η is a
(2n− 4)-form such that dβ = 0 and whose (n− 2, n− 2)-component is ωn−2. 
The following generalizes the result in [ATo11], see also [EFV12], in proving that conditions (a) and
(b) are not satisfied for 6-dimensional nilmanifolds with invariant structures.
Proposition 1.4. On a 6-dimensional non-torus nilmanifold endowed with a left-invariant complex
structure, there is no left-invariant metric with the property (a) in Lemma 1.1.
Proof. In dimension 6, condition (a) is equivalent to have a Hermitian-symplectic structure. This is
proven to be impossible on 6-dimensional nilmanifold in [ATo11, Theorem 3.3], except the torus; see also
[EFV12, Theorem 1.3]. 
Remark 1.5. Note that there are examples of 6-dimensional nilmanifolds such that ∆1 = 0, see [AFR15,
LUV14].
Lemma 1.6. Suppose that the Hermitian (1, 1)-form ω on a complex manifold X satisfies either condition
(b) in Lemma 1.1, or condition
(a’): ωn−2 is the (n− 2, n− 2)-component of a d-exact (2n− 4)-form.
Then a product of a dc-closed and d-exact form d ν with ωn−2 is exact.
Proof. Indeed, in case the assumption (b) is true, then dωn−2 = d dc µ, giving∫
X
d ν ∧ ωn−2 = −
∫
X
ν ∧ dωn−2 = −
∫
X
ν ∧ d dc µ =
∫
X
d dc ν ∧ µ = 0,
which proves the statement.
In case the assumption (a’) is true, let ωn−2 = (dκ)(n−2,n−2), and∫
X
d ν ∧ ωn−2 =
∫
X
(d ν)(2,2) ∧ ωn−2 =
∫
X
(d ν)(2,2) ∧ dκ
because d ν is both d-closed and dc-closed, whence (d ν)(2,2) is d-closed, and dκ is exact. 
Theorem 1.7. Let X be a compact complex manifold endowed with a Hermitian metric g. Suppose that
the associated (1, 1)-form ω satisfies either condition (b) in Lemma 1.1 or condition (a’) in Lemma 1.6.
Then ∆1 = 0.
Proof. We claim that, under the hypotheses, the sequence
(1) 0→ H1dR(X;C)→ H1A(X) deg ◦ d→ C
is exact.
Indeed, take [α]dR ∈ H1dR(X;C) yielding a zero class in Aeppli cohomology, that is, α = ∂f + ∂g for
f, g ∈ C∞(X;C). Since dα = 0, then ∂∂(f − g) = 0. By the maximum principle, we get f − g constant.
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Then α = d f yields the zero class in de Rham cohomology. We have that (1) is a complex, and it
remains to show that all classes in H1A(X) of degree 0 come from H
1
dR(X).
Let [α]A ∈ H1A(X) satisfy deg[dα]BC = 0. Choose a representative α ∈ ∧1X ⊗ C. Let ρ = dα be
decomposed as ρ = ρ(1,1) + ρ(2,0) + ρ(0,2). Without restricting the generality we may assume that ρ is
real, giving ρ(2,0) = ρ(2,0). Since α is d dc-closed, dα is both d and dc-closed, hence the forms ρ(1,1),
ρ(2,0) and ρ(0,2) are closed. Since ρ is dc-closed and d-exact, the form ρ ∧ ρ(0,2) is also dc-closed and
d-exact. However, a product of a dc-closed and d-exact 4-form d ν with ωn−2 is exact by Lemma 1.6
above. This gives
0 =
∫
X
ρ ∧ ρ(0,2) ∧ ωn−2 =
∫
X
ρ(0,2) ∧ ρ(2,0) ∧ ωn−2 =
∫
X
|ρ(0,2)|2ωn.
This implies that ρ = dα is of type (1, 1). By Lemma 1.1, we can replace the representative α by α−dc f
in Aeppli cohomology in such a way that d(α− dcf) = 0, thus proving the claim.
It follows that
dimCH
1
A(X)− b1 = 1− dimC coker(deg ◦ d) ∈ {0, 1}
according to the parity of b1. Indeed, dimCH1A(X) is always even.
Note that the natural map H1BC(X)→ H1dR(X;C) is always injective. Then
0 ≤ ∆1 = dimCH1A(X) + dimCH1BC(X)− 2 b1
≤ (1− dimC coker(deg ◦ d)) ≤ 1 .
Since ∆1 has to be even, this yields ∆1 = 0. 
Remark 1.8. The same statement can be proven under the hypotheses that the Hermitian (1, 1)-form
ω satisfies condition (a) in Lemma 1.1 and that H2,0BC(X) = 0. In this case, the exactness at H
1
A(X)
follows directly by Lemma 1.1, noting that [dα]BC ∈ H2BC(X) = H1,1BC(X). The condition H2,0BC(X) = 0
may hold, for example, for a hypothetical complex structure on the six-sphere with H2,0
∂
(X) = 0, see e.g.
[Uga00, McH1]. In low dimension, the condition is satisfied by the Bombieri-Inoue and Inoue surfaces,
by the secondary Kodaira surfaces, and by the Calabi-Eckmann structure on S1 × S3, see e.g. [ADT16].
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